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In a group G, and element h is equivalent to another element f if there is

an element g in G such that f = g−1hg. We used this similarity transforma-
tion to define equivalence classes in a previous post. Here we consider an
application of the similarity transformation.

Let H be a subgroup of G, and consider the set of elements defined by
H ′ ≡

{
g−1h1g,g

−1h2g, . . .
}

for some particular element g that is in G but
not in H . In general, this set also forms a subgroup of G. We can see this
by considering the group properties.

(1) Any two elements in H ′ are also in H ′. We have g−1higg
−1hjg =

g−1hihjg. The last quantity is in H ′ since hihj must be in H .
(2) H ′ contains the identity, since H (being a subgroup) contains the

identity, and g−1Ig = g−1g = I .
(3) Every element in H ′ has an inverse, since the inverse of g−1hig is

g−1h−1
i g, and h−1

i must be in H .
(4) Multiplication is associative, since

(
g−1higg

−1hjg
)
g−1hkg= g−1hig

(
g−1hjgg

−1hkg
)
=

g−1hihjhkg.
The subgroup H ′ above is defined for one particular element g. Now sup-
pose that no matter which element g we choose, the subgroups H and H ′

are the same: H ′ = H . In that case, H is called an invariant subgroup of
G. The notation for an invariant subgroup is H C G for ’H is an invariant

Many texts and
websites refer to
invariant subgroups as
normal subgroups.

subgroup of G’, or, if we write the main group on the left, we have GBH .
To keep the notation straight, we notice that the vertex of the triangle points
towards the invariant subgroup, which is (usually) the smaller of the two
groups.

Example 1. Consider the alternating group A4 of even permutations of 4
objects. An invariant subgroup of A4 is the group H = {I,(12)(34) ,(13)(24) ,(14)(23)}.
To prove this, we need to consider terms a−1

i hjai for all ai /∈ H and all
hj ∈ H . Since A4 contains 12 elements (half of 4!) we would need to do
this calculation 4× 8 = 32 times, which gets a bit tedious. We’ll consider
an example to show how it goes.

The elements of A4 not in H are all the permutations of 3 objects in which
all 3 objects change their places. An element (123) = (12)(23) converts

1

https://physicspages.com
https://physicspagescomments.wordpress.com
http://physicspages.com/pdf/Group%20theory/Equivalence%20classes.pdf
http://physicspages.com/pdf/Group%20theory/Definition%20of%20a%20group.pdf
http://physicspages.com/pdf/Group%20theory/Permutation%20groups%20-%20cycles%20and%20transpositions.pdf


INVARIANT SUBGROUPS 2

{1,2,3}→ {3,1,2}, for example. The inverse of (123) is (321) = (32)(21)
so we have terms like

(321)(12)(34)(123) = (32)(21)(12)(34)(12)(23) (1)

= (32)(34)(12)(23) (2)

= (32)(12)(34)(23) (3)

= (32)(21)(43)(32) (4)

= (321)(432) (5)

= (132)(324) (6)

= (13)(32)(32)(24) (7)

= (13)(24) (8)

In the third line, we observe that (34) and (12) commute since they have
no numbers in common. We’ve also used the fact that (ij) = (ji) = (ij)−1

several times, since swapping two elements doesn’t depend on the order,
and swapping twice restores the original state, so any swap is its own in-
verse. In the third-from-last line, we cyclically permuted the triplets so that
(321) = (132) and (432) = (324).

It’s a bit easier to just apply the permutations, right to left, to the term
(ABCD). We have

ABCD
(123)−→ CABD (9)
(34)−→ CADB (10)
(12)−→ ACDB (11)
(321)−→ CDAB (12)

We see that the final form CDAB is what we get if we apply (13)(24) to
ABCD. We can work out the other two transformations in a similar way,
and get Table 1.

Example 2. Consider the direct product of two groups defined by G =
E ⊗F . Recall that in a direct product, the elements of G are written as
ordered pairs, so we have gij = {ei,fj}. In a product of two elements gijgk`,
we multiply the corresponding terms in each pair, so we have

gijgk` = {eiek,fjf`} (13)

and in particular,
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hj (321)hj (123)

I I

(12)(34) (13)(24)

(13)(24) (14)(23)

(14)(23) (12)(34)
TABLE 1. Invariant subgroup of A4.

g−1
ij =

{
e−1
i ,f−1

j

}
(14)

The original groups E and F are represented by

E = {ei, I}
F = {I,fi}

(15)

Given this, we can see that E and F are invariant subgroups of G. For
example for any element gij

g−1
ij Egij = g−1

ij {ek, I}gij (16)

=
{
e−1
i ekei,f

−1
j Ifj

}
(17)

=
{
e−1
i ekei, I

}
(18)

Since the term e−1
i ekei contains only elements of E, it is also an element of

E, and as we vary k over all the elements of E, we will get e−1
i ekei covering

all the elements of E as well, although possibly in a different order. The
same argument applies to F . Thus each of E and F is an invariant subgroup
of E⊗F .
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